In this article we present ways to evaluate certain sums, products and continued fractions using tools from the theory of elliptic functions. The specific results appear to be new, although similar ones can be found in the literature; in most cases the methods applied are different.
Introduction
Let (a; q) k = k−1 n=0
(1 − aq n )
Then we define f (−q) = (q; q) ∞
and φ(−q) = (−q; q) ∞
Also let
be the elliptic integral of the first kind see also [9] , [7] The ratio
(1 + q n ) is known. For example from [9] :
and from (1 − q n ) 8 = 2 8/3
The variable k is defined from the equation
where r is positive , q = e −π √ r and k ′ = √ 1 − k 2 . Note also that whenever r is positive rational, the k are algebraic numbers. Some examples of such products are To evaluate
3 ) 8 we find from tables that
2 7/3 π and the result is
where Γ is the Euler's Gamma Function.
Theta Functions
r then:
Proof. From the relations (2),(3),(4) and equations (5),(6),(7), we have
using the relation k ′ = √ 1 − k 2 we get the result. Theorem 1. If r is positive as in the introduction, set
where
and m ∈ Z. Proof. From [2]:
and (5), one has, after some rearrangement,
But the last product in (14) is
by (6) and the Landen transformation. This proves (11). The proof of (12) proceeds similarly. Application. When a ∈ Z and q is an arbitrary number such that |q| < 1, then
We set
The application follows from Theorem 1. Note. One can evaluate M (c, q) exactly when c = −q a , a-odd integer (the proof is easy):
Where
pg.170 relation (13-2-12) and the definition of theta functions we have
By taking the logarithm of both sides and expanding the logarithm of the individual terms in a power series it is simple to show (18) from (19), where
satisfies the famous Roger's Ramanujan identity:
where X 2 (n) is the Legendre symbol n 5 . Proposition 1.
Proof. From (21) taking logarithms in both sides we get
which can be written as
finally using Lemma 2 we get the result.
In the same way as above we have that if
then
In the same way as above we have
r where a, p, r > 0 we denote 'Agile' the quantity [a,
r , a, b, p, r positive rationals then
Definition 2. We call
'Ramanujan's Quantity' because many of Ramanujan's continued fractions can be put in this form
Theorem 2. If a, b, p, r are positive rationals, then
Proof. Eq.(31) follows easy from the Observation 1 and the definitions 1,2.
One example is the Rogers-Ramanujan continued fraction
Theorem 3. For all positive reals a, b, p, x R(a, b, p; e
Proof. We use Lemma 2 to rewrite R in the form
Theorem 4. If a, b, p are positive integers, then
Proof. Use Theorem 3. Take the logarithms and expand the product (35) the proof is easy.
Applications. 1) In general one has the identity
Hence if a, b, p are positive integers then
Hence
Thus every Ramanujan quantity can calculated by the function ∞ n=0 c n q (n+1)n/2 . For example if a = 1, b = 2, p = 5 we have
then observe numerically that if |q| < 1 and n is integer:
∂τ 0 (a, q) ∂a
for every |q| < 1.
More generally if we define
Then if a, p ∈ R, n ∈ N τ * (a, p; q) = τ * (np ± a, p; q)
For the τ function we have next:
Theorem 5. When a, b are real and n integer
When a, b ∈ Q we have
Also if a, b, r ∈ Q then τ * (a, p; e
Proof. We only prove (48). Rewrite (44) in the form
where p = |a ± b|/(2m), m positive integer. We rewrite (48) in the form
where A = p/2, B 2 = ±B 1 + 2mA and then finally we arrive to an identity for ϑ 3 (z, q) functions. The result follows easily from the periodicity of ϑ 3 (z, q) with respect to z and the fact that m is an integer.
The first order derivatives of some of Ramanujan's continued fractions.
Observe that if
then all these have derivatives
whenever q = e −π √ r and r is a positive rational.
Observation 2. If a, b, p, r are positive rationals then
Examples.
where ρ is root of
From [7] pg.24 we have the next
Proposition. Suppose that a, b and q are complex numbers with |ab| < 1 and |q| < 1 or that a = b 2m+1 for some integer m. Then
One can easily see that
where a = 2A + 3p/4, b = 2B + p/4 and p = 4(A + B). Let now define
and 
ii) 
Proof.
i)The proof of (61) 
